For every odd integer c ≥ 21, we raise an example of a prime component-preservingly amphicheiral link with minimal crossing number c.
as Tait's conjecture IV by suspecting Tait's mind (i.e. Tait have not stated it explicitly). We set the following conjecture: Conjecture 1.1 (a generalized version of Tait's conjecture IV) The minimal crossing number of an amphicheiral link is even.
For the case of alternating amphicheiral links, Conjecture 1.1 is affirmative as mentioned above from the answer for Tait's conjecture II. Hence it motivates to find an amphicheiral link with odd minimal crossing number. If there exists a counter-example for Conjecture 1.1, then it should be non-alternating.
There exists an amphicheiral knot with minimal crossing number 15 in the table of J. Hoste, M. Thistlethwaite and J. Weeks [HTW] (i.e. it is a prime knot), which is a negative answer for Conjecture 1.1 (the original Tait's conjecture IV). The knot is named 15 224980 (Figure 1 ). Stoimenow [St2] showed that for every odd integer c ≥ 15, there exists an example of a prime amphicheiral knot with minimal crossing number c. The case c = 15 corresponds to 15 224980 . We call the knots Stoimenow knots (see Section 3). He also pointed out that there are no such examples for the case c ≤ 13.
The first author and A. Kawauchi [KK] , and the first author [Kd3] determined prime amphicheiral links with minimal crossing number up to 11, where a prime link is assumed to be non-split. Then there are two prime amphicheiral links with odd minimal crossing numbers named 9 2 61 and 11 2 n247 (Figure 2 ), where we use modified notations from Rolfsen's table [Ro] and Thistlethwaite's table on the web site maintained by D. BarNatan and S. Morrison [BM] . These examples show that Conjecture 1.1 is negative for links. Since both 9 If we remove 'prime' from Question 1.2, then we can obtain nugatory examples by taking split sum of a Stoimenow knot and the unknot, or connected sum of Stoimenow knot and the Hopf link. Our main theorem is the affirmative answer for Question 1.2 which is a negative answer for Conjecture 1.1: Theorem 1.3 For every odd integer c ≥ 21, there exists a prime component-preservingly amphicheiral link with minimal crossing number c.
Our example is a 2-component link with linking number 3 whose components are a Stoimenow knot and the unknot. We prove it in Section 4. The proof is divided into three parts such as to show amphicheirality, to determine the minimal crossing number, and to show primeness. We can immediately see its amphicheirality by construction. Though to find the way of linking of the two components was not so easy, to determine the minimal crossing number is easy by the help of Stoimenow's result [St2] (cf. Theorem 3.1). In [St2] , to determine the minimal crossing number and to show primeness of his knot were very hard. Finally we show primeness by using the Kauffman bracket (cf. Section 2). This part is also eased by Stoimenow's result. In Section 4, by using the computations in the proof of Theorem 1.3, and R. Hartley [Ha] , R. Hartley and A. Kawauchi [HK] , and A. Kawauchi [Kw1] 's necessary conditions on the Alexander polynomials of amphicheiral knots, we remark that a Stoimenow knot is not strongly invertible, in particular, 15 224980 is not invertible. We also raise some questions.
Kauffman bracket
Let L be an r-component oriented link, and D a diagram of L. Firstly we regard D as an unoriented diagram. Splice, 0-splice or ∞-splice, every crossing of D as in Figure 3 . The resulting diagram is a state, and it is a diagram of an unlink without crossings. We denote it by s. Let |s| be the number of components of s, t 0 (s) the number of 0-splicings to obtain s, t ∞ (s) the number of ∞-splicings to obtain s, t(s) = t 0 (s) − t ∞ (s), and S the set of states from D. Let A be an indeterminancy, and 
is an invariant of L, and
is the Jones polynomial of L. We denote D as D (A) when we emphasis it as a function of A. We have the following facts:
Lemma 2.1 (1) The Kauffman bracket D is an invariant of L up to multiplications of (−A 3 ). In particular, if we substitute a root of unity to A and take its absolute value, then it is an invariant of L, which is a non-negative real number.
(2) We have the following skein relation (Figure 4 ) which can be an axiom of the Kauffman bracket: 
respectedly). Then we have
D 1 ∐ D 2 = d D 1 D 2 , f L 1 ∐L 2 (A) = d · f L 1 (A)f L 2 (A). (4) Let L i (i = 1, 2) be a link, D i a link diagram of L i , and D 1 ♯D 2 (L 1 ♯L 2 , respectedly) the connected sum of D 1 and D 2 (L 1 and L 2 ,
(8) Let ζ be a primitive 8-th root of unity (i.e. ζ 4 = −1 and ζ 8 = 1). Suppose that D has the even crossing number. Then D (ζ) is a real number or a purely imaginary number, which depends on r and the writhe. In particular, for r = 1, D (ζ) is a real number if and only if the writhe is 0 (mod 4).
(9) Let ζ be a primitive 8-th root of unity. Then we have
Lemma 2.1 (8) is obtained from (7) and (2.1). Lemma 2.1 (9) is obtained from (2.2).
Let T m be an m-half twist tangle for m ∈ Z, and T ∞ a tangle as in Figure (3), (4) and (5), we deduce the following:
where
(3) Let ζ be a primitive 8-th root of unity. Then we have
Let E m be a (2, m)-torus link, and C p,q a 2-bridge link as in Figure 7 . Note that both E m and C p,q are invertible, E 2 is the Hopf link, E 3 is the righthand trefoil, C 2,2 is the lefthand trefoil, and C 2,−2 is the figure eight knot. (1) Let O r be the r-component trivial link. Then we have
We have the following by Lemma 2.1 (6) and the skein relation of the Jones polynomial.
Lemma 2.5 Let K be a knot, and L a 2-component amphicheiral link with an amphicheiral diagram. Then we have
and
Stoimenow knots
Let σ i (i = 1, . . . , m − 1) be a generator of the m-string braid group, and δ i and δ i (i = 1, . . . , m − 1) tangles as in Figure 8 . For an odd number n ≥ 15, a Stoimenow knot Figure 8 : generator σ i of braid group, and δ i and δ i with crossing number n, denoted by S n , is the closure of the following composition of tangles:
where m = 5, i implies σ i and −i implies σ −1 i for i > 0, and k is a positive integer with k ≥ 1. The former is of type I, and the latter is of type II, respectively. Note that S 15 = 15 224980 in Figure 1 , and both two tangles above have (n + 1) crossings. We can see strong (−)-amphicheirality of S n from its diagram with (n + 1) crossings in the righthand side of Figure 9 .
Theorem 3.1 (Stoimenow [St1, St2] ) A Stoimenow knot S n is a prime strongly (−)-amphicheiral knot with minimal crossing number n. We take a 2-component link L n = S n ∪ U whose components are a Stoimenow knot S n and the unknot U as in Figure 10 . The link L n is of type I if S n is of type I, and is of type II if S n is of type II. We prove that L n is a prime component-preservingly amphicheiral link with minimal crossing number n + 6, where n + 6 is odd with n + 6 ≥ 21 because n is odd with n ≥ 15.
Proof of Theorem 1.3 By the righthand side of Figure 10 , L n is a componentpreservingly strongly (−, +)-amphicheiral link.
The linking number of L n , lk (L n ), is 3 by a suitable orientation. Let c(·) denote the minimal crossing number of a link. Since
and the lefthand side of Figure 10 realizes the lower bound, we have c(L n ) = n + 6 and it is odd.
Finally we show that L n is prime by using the Kauffman bracket. Suppose that L n is not prime. Then L n is a connected sum of two links such that one is a Stoimenow knot S n and the other is a 2-component link with unknotted components and with linking number 3 by Theorem 3.1. Hence L n should be divisible by S n by Lemma 2.1 (4). We compute L n (ζ) and S n (ζ), where ζ is a primitive 8-th root of unity. By Lemma 2.1 (7), the absolute values of L n (ζ) and S n (ζ) are integers. By Lemma 2.1 (1) and (4), | L n (ζ)| should be divisible by | S n (ζ)|.
To compute S n and L n , we set K = S n and L = L n , and we denote the results of splicings by
and L ∞∞ , respectively as in Figure  11 . Here we drew only the type I case. We can obtain the type II case in the similar way. Then by Lemma 2.2 (1), we have:
We can see that K 00 and K ∞∞ are amphicheiral knot diagrams with writhe 0, K 0∞ = (K ∞0 ) * , the writhe of K 0∞ is −10, the writhe of K ∞0 is 10, L 00 and L ∞∞ are 2-component amphicheiral link diagrams with writhe 6, L 0∞ = (L ∞0 ) * , the writhe of L 0∞ is −4, and the writhe of L ∞0 is 16. By Lemma 2.1 (6), we have (4.5)
(4.6)
We substitute A = ζ to (4.1) and (4.2). We set ζ 2 = √ −1. By Lemma 2.2 (2) and the arguments above, we have
By (4.3), (4.4), (4.5) and (4.6), we have (type I)
(4.10) (type II) K 00 (ζ) = 109,
(4.11)
(4.12) By (4.7), (4.8), (4.9), (4.10), (4.11) and (4.12), we have
(4.14)
Note that 148k 2 − 156k + 45 and 640k 2 − 528k + 109 are odd and 328k 2 − 280k + 98 and 1280k 2 −1056k +290 are of the form 2×(odd) (cf. Lemma 2.5), and they are positive for k ≥ 1. Hence if 148k 2 − 156k + 45 divides 328k 2 − 280k + 98 (640k 2 − 528k + 109 divides 1280k 2 − 1056k + 290, respectively), then 148k 2 − 156k + 45 divides 164k 2 − 140k + 49 (640k 2 − 528k + 109 divides 640k 2 − 528k + 145, respectively), and the quantity is odd. Remark 4.1 In [Ko] , the second author computes the J polynomials, which are modified Jones polynomials, of S n and L n explicitly. The J polynomial is an invariant of unoriented links.
Final remark and questions
Let L be a link, and ] is of type X if there are integers n ≥ 0 and λ ≥ 3 with λ odd, and
where p λ (t) = (t λ − 1)/(t − 1), and
R. Hartley [Ha] , R. Hartley and A. Kawauchi [HK] , and A. Kawauchi [Kw1] gave necessary conditions on the Alexander polynomials of amphicheiral knots.
Lemma 5.1 (Hartley [Ha] ; Hartley and Kawauchi [HK] ; Kawauchi [Kw1] )
, and
(2) Let K be a (+)-amphicheiral knot. Then there are r j (t) ∈ Z[t, t −1 ] of type X and an odd number α j (j = 1, . . . , m) such that
In particular, if K is strongly (+)-amphicheiral, then we can take m = 1 and α 1 = 1.
In [Kw2, Proposition 10.3.3] , it is stated that:
Lemma 5.2 (Kawauchi [Kw2, Proposition 10.3.3] ) An invertible knot is strongly invertible if it is a hyperbolic knot.
We have the following corollary:
Corollary 5.3 Let K be a strongly (+)-amphicheiral knot. Then |∆ K (−1)| = |V K (−1)| is an odd square number.
Proof By Lemma 5.1 (2), there is an element
By the skein relations of the Alexander polynomial and the Jones polynomial, we have |∆ K (−1)| = |V K (−1)|, and it is odd from Lemma 2.5.
Proposition 5.4 A Stoimenow knot S n is not strongly (+)-amphicheiral. In particular, S 15 is neither (+)-amphicheiral nor invertible.
Proof We set K = S n . Suppose that S n is strongly (+)-amphicheiral. By Corollary 5.3,
| is an odd square number. By (4.13) and (4.14), we have
which is not a square number. It is a contradiction.
We computed that
and it is irreducible. Hence it does not satisfy the condition in Lemma 5.1 (2), and S 15 is neither (+)-amphicheiral nor invertible.
If S n is non-satellite, then it is hyperboic because it is prime, and it is neither (+)-amphicheiral nor invertible (cf. Lemma 5.2).
Question 5.5 Is S n non-satellite ?
At the end of the paper, we raise questions:
Question 5.6 (1) Is there a prime component-preservingly amphicheiral link with odd minimal crossing number less than 21 ?
(2) Is there a prime component-preservingly (ε)-amphicheiral link with odd minimal crossing number ?
About (1), we have already known that there are no such examples for the case that the minimal crossing number ≤ 11 (cf. [Kd3] ). If we need to use an amphicheiral knot with odd minimal crossing number, then the minimal crossing number should be greater than or equal to 19 from primeness. Under the restriction, if there exists an example L for Question 5.6 (1) with minimal crossing number 19, then L is a 2-component link such that (i) its components are a knot with minimal crossing number 15 and the unknot, (ii) lk (L) = 0, and (iii) on its diagram realizing the minimal crossing number, its components are also realizing the minimal crossing numbers (i.e. 15 and 0).
About (2), our example L n was a prime component-preservingly (−, +)-amphicheiral link with odd minimal crossing number. In general, the linking number of a 2-component (ε)-amphicheiral link is 0. 11 2 n247 in Figure 2 is a prime (ε)-amphicheiral link with odd minimal crossing number. However it is not component-preservingly (ε)-amphicheiral.
